Abstract. For a p-block B of a finite group G, it is well known that P w i A B w i ð1Þw i vanishes on all p-singular elements of G. The converse proposition was proposed by K. Harada and partially proved by several authors using decomposition matrices. We give a partial answer without using decomposition matrices in the case where G has a strongly p-embedded subgroup.
A note on a conjecture of K. Harada Abstract. For a p-block B of a finite group G, it is well known that P w i A B w i ð1Þw i vanishes on all p-singular elements of G. The converse proposition was proposed by K. Harada and partially proved by several authors using decomposition matrices. We give a partial answer without using decomposition matrices in the case where G has a strongly p-embedded subgroup.
In his paper [1] , K. Harada proposed the following conjecture:
Conjecture. Let G be a finite group, p a prime and B a p-block of G. Let J be a nonempty subset of IrrðBÞ and suppose that o ¼ P w j A J w j ð1Þw j vanishes on all p-singular elements of G. Then J ¼ IrrðBÞ.
(The converse statement is a well-known result.)
The conjecture has been proved in the following cases:
(a) B has a cyclic defect group [1] ; (f ) every irreducible Brauer character in B is liftable [3] .
The proofs of these results depend on deep knowledge about the decomposition matrices. In this paper, without using decomposition matrices, we will prove the conjecture under the assumption that N G ðPÞ is a strongly p-embedded Frobenius subgroup of G for an abelian Sylow p-subgroup P of G. This covers the remaining case PSLð2; p n Þ in (d).
Theorem. Let G be a finite group, p a prime, and P a Sylow p-subgroup of G. If P is abelian and N G ðPÞ is a strongly p-embedded Frobenius subgroup of G, then the conjecture holds for G.
Proof of the Theorem. Suppose that the theorem is false. Let B be a block and J W IrrðBÞ a counter-example to the conjecture, that is, q 0 J 0 IrrðBÞ and o ¼ P w A J wð1Þw vanishes on all p-singular elements. In order to simplify the arguments, we may assume that P is not cyclic by [1] . Set N ¼ N G ðPÞ and let K be the Frobenius kernel of N and H a complement of K in N. Then K ¼ P Â C and jHj < jPj, where C ¼ O p 0 ðC G ðPÞÞ.
Proof. For 1 0 c A K we have N CðcÞ ðPÞ ¼ C N ðcÞ ¼ P Â C C ðcÞ. Therefore,
Since rankðPÞ d 2, we have CðcÞ J hCðrÞ j 1 0 r A Pi J N, whenever 1 0 c A K, which implies that K is a TI-subgroup of G. r
In this paper, r P denotes the regular representation of P. We note that Zr P is an ideal of the ring chðPÞ of characters of P. The assumption of the theorem implies o jP A Zr P . We will divide the proof into three parts.
(1) Assume that K ¼ P and H acts on P À f1g transitively.
Then P is an elementary abelian group and IrrðPÞ ¼ f1 P ; x h j h A Hg for some nontrivial linear character x of P. Since x N À ð1 P Þ N vanishes on p-regular elements, we have
For any m A IrrðGÞ, if hm; 1
x h i P for all h A H and so m jP ¼ ar P for some a A Z. In this case, m has a trivial defect group and fmg is a block. Therefore, we may assume that for any m A B, hm; 1 where ðjPj; r P Þ denotes the ideal of chðPÞ generated by jPj and r P . On the other hand,
By the theory of exceptional characters, we can find e A fG1g and w i A IrrðGÞ such that
There is also a virtual character A with hA; w i i ¼ 0 such that
for all i, then m jP A Zr P , and so fmg is a block with trivial defect. So we may assume that
where IrrðAÞ ¼ fm A IrrðGÞ j hm; Ai 0 0g. Since ðf i À f j Þ G vanishes on all p-regular elements, we have ho; (3) Assume C 0 1. Since H acts on C fixed-point freely, C is nilpotent. Set
where degðx 2 Þ ¼ 1. Then
. . . ; sg and ðf i n x j Þ N is irreducible for ði; jÞ 0 ð1; 1Þ since N is a Frobenius group with kernel K.
By the theory of exceptional characters [6] , we can find e j A fG1g and w i; j A IrrðGÞ for ði; jÞ 0 ð1; 1Þ such that
for ði; jÞ; ðh; kÞ 0 ð1; 1Þ and degðx j Þ ¼ degðx k Þ. We note that degðx 1 Þ ¼ degðx 2 Þ ¼ 1.
We also note that since
for j 0 h, we have w i; j 0 w h; k for ði; jÞ 0 ðh; kÞ except when i ¼ 1 ¼ h and f j is H-conjugate to f k . Since
and
we also have a virtual character A of G with hA; w i; 2 i ¼ 0 for i ¼ 1; . . . ; jPj and an integer r such that
However, since
and the number of w i; 2 is greater than jHj, we have r ¼ 0 and hA; Ai ¼ jHj. Moreover, since 
If m A IrrðGÞ satisfies hm; ðf i n x j Þ G À ðf h n x j Þ G i ¼ 0 for all j, ðh; kÞ, then we have m jK ¼ P j l j ð P i f i n x j Þ and so m jP is a scalar multiple of r P and fmg is a block as in the first part. Therefore, we may assume that IrrðBÞ J fw i; j j i; jg V IrrðAÞ: Proof. For t 0 j, since hw s; t ; w i; j À w h; j i ¼ e j hðw s; t Þ jK ; f i n x j À f h n x j i ¼ 0; hðw s; t Þ jK ; f i n x j i does not depend on the choice of i; call it a j . Since d s; i À d s; h ¼ hw s; t ; w i; t À w h; t i ¼ he t ðw s; t Þ jK ; f i n x t À f h n x t i; hðw s; t Þ jK ; f i n x t i does not depend on the choice of i 0 s; call it a t . Therefore
The second statement directly follows from the first statement. r we have a contradiction. r
